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A B S T R A C T   

This study proposes a numerical model for particulate three-phase flow in microchannels based on multiphase 
lattice Boltzmann method (LBM). The model combines the color-gradient method to track the immiscible fluid- 
fluid interface and the two-fluid model (TFM) to describe particle-particle and particle-fluid interactions, which 
can efficiently simulate transport and displacement processes involving large amounts of particles. A mixture- 
rheology TFM algorithm is proposed by introducing a mixture phase with rheology properties obtained from 
experiments instead of the conventional TFM particle phase with artificial viscosity models. Multi-relaxation- 
time (MRT) collision operator and GPU computing are adopted to enhance the numerical stability and effi
ciency. Various theoretical benchmarks for particle transport and two-phase flow are performed respectively to 
verify the accuracy of the proposed model. Exceptional consistency between results from particulate three-phase 
flow simulation and microfluidic experiments further confirms the reliability of our model, especially in 
capturing the inertial lagging and accumulation phenomena under multiphase and porous flow conditions. The 
proposed numerical framework will benefit our understanding of multiphase displacement with microgels in 
microchannels with complex geometries.   

1. Introduction 

Particulate three phase flow in porous media is commonly encoun
tered in natural and industrial applications, such as energy resource 
recovery, wastewater treatment and monitoring of pollutant transport 
underground [1–4]. For example, microgel particles have been devel
oped as effective additives with huge benefits for oil production around 
the world. Displacement of oil by microgel particle suspensions is a 
typical water-oil-particle three-phase flow process in rocks [5,6], 
wherein the microgel suspension is composed of water and dispersed 
microgel particles. Due to the complex cross-linked network structures 
of polymer molecules, the fluid-particle and particle-particle in
teractions at the microscale is hard to be characterized, which manifest 
as complex non-Newtonian rheology characteristics of the suspension at 
the macroscale [7–9]. In addition, the inertial effect cannot be ignored 
for micron-sized particles, which may pose significant impacts on par
ticle distribution and thereby multiphase interfacial movement. How
ever, the fundamental physical mechanisms of such three-phase flow in 
microchannels remain unclarified. To simulate the multiphase transport 
process in pores of water-oil-particle system, an accurate and efficient 
numerical model combining interface evolution and particle migration 
is urgently needed. 

Quite a few numerical methods have been developed for gel particle 
flooding at the pore scale [10–13] to reveal the fundamental mecha
nisms, facilitated with the advantages of depicting the particles migra
tion and interface evolution processes in details [10,14]. The models 
tracking particle flows can be divided into two categories: 
Eulerian-Lagrangian and Eulerian-Eulerian methods [15]. In the 
Eulerian-Lagrangian method, the fluid phase, i.e. continuous phase, is 
tracked by the Eulerian method and solved by the Navier-Stokes equa
tion, while the particle phase, i.e. the discrete phase, is tracked by the 
Lagrangian method and solved by Newton’s second law [16–18]. 
Immersed boundary method (IBM) is a popular fluid-structure interac
tion method, which has been applied into studying the deformation and 
migration of microgel particles in pores [19–21], where the interactions 
between particles, fluid and walls are fully resolved by integrating along 
the solid-fluid interfaces. Therefore, it requires that the grid size is much 
smaller than single particle size and no other fluid-solid interaction 
models are included. As a result, IBM is the most accurate but too 
expensive to simulate a large amount of particles [22]. To improve the 
computational efficiency, discrete element method (DEM) has been 
developed and applied to study the particles retention and aggregation 
mechanisms in microchannels and porous media [23–25]. Drag and 
collision models should be introduced to describe the fluid-particle and 
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particle-particle interactions to achieve better efficiency [26]. However, 
it should be stressed that the particle number and applicable system 
scale are still limited in those simulations since each particle need to be 
tracked and the interaction between particles need to be solved. 

Eulerian-Eulerian method increases the computational efficiency 
greatly by treating both fluid and particles phase as continuum and 
using Eulerian method to track both phases. Lei et al. applied advection- 
diffusion equation (ADE) to simulate the transport of microgel particles 
in porous media which neglects the volume fraction of particles and 
realizes the high-performance simulation of microgel particle flooding 
process in a complex porous model [27]. However, ADE is unable to 
describe the inertial effects of large gel particles and the complex in
teractions at a high concentration, which brings in deviations from ex
periments. Therefore, how to develop an efficient and accurate 
numerical method for gel suspensions transport remains an open 
question. 

The two-fluid model is a classical Eulerian-Eulerian method, in 
which the particle phase is treated as another fluid and solved via the 
Navier-Stokes equation [28]. In this method, the fluid-particle and 
particle-particle interactions are described by drag and other interaction 
models [29]. It has a prominent advantage of high efficiency because it 
focuses on the movement of particle groups rather than individual 
particles, and has the potential to take account of particle inertial effects 
by considering the momentum conservation of particles [26]. As a 
result, this approach is frequently employed in simulations of fluidized 
bed [29], blood cells flow [30,31] and other particulate multiphase 
flows that involves large numbers of particles or bubbles [32] and 
promising to study the collective transport of microgel particles in 
porous media. 

Besides the particle-in-water suspension phase, the fluid-fluid inter
face between suspension and oil also requires to be resolved in the 
water-oil-particle three phase system. In literatures, level-set and 
volume-of-fluid (VOF) as traditional multiphase models have been 
applied to capture the fluid-fluid interface under the framework of 
finite-element and finite-volume methods, which can be coupled with 
direct-simulation particle model to solve fluid-particle interaction 
[33–35]. However, the algorithm of traditional interface capturing is 
complicated especially with handling phases interactions, and hard to 
handle the complex boundary conditions efficiently in porous structure 
[36]. On the other hand, multiphase lattice Boltzmann method has been 
developed for twenty years with its advantages of handling complex 
boundaries efficiently and easy implementation on modern parallel 
computers [37–40], which is quite suitable for transport problems in 
porous media. Many multiphase LBM models have been proposed such 
as color-gradient model [41], pseudo-potential model [42,43], 
free-energy model [44], among which the color-gradient model in
troduces ‘red’ and ‘blue’ particle distribution function to represent two 
immiscible fluids and uses recolor operator to achieve fluids separation 
[45]. The color-gradient LBM is able to adjust fluid properties separately 
such as viscosity, surface tension and contact angle, and has been 
developed for simulating large-viscosity-ratio systems [46]. Therefore, it 
is widely used to simulate multiphase flows in porous media, especially 
for complex fluid systems like the microgel particle suspension [47,48]. 

In this paper, we aim to develop a new simulation framework to 

capture the coupling transport process involving both interface evolu
tion and microgel particle migration. Our model combines the color- 
gradient model with a modified two-fluid model (Section 2), both of 
which are solved by MRT-LBM based on GPU computing. This method 
offers several advantages, including high-performance interface and 
particle tracking, as well as the ability to handle complex rheology of 
microgel particle suspensions. The numerical method is then validated 
by comparisons with theoretical and experimental results (Section 3). 
The results demonstrate that the proposed method can accurately cap
ture particle inertial lagging and accumulation phenomena observed in 
experiments. This method provides an accurate and efficient approach 
to simulate microgel transport as well as multiphase flow in micro- 
channels, which will help elucidate underlying pore-scale transport 
mechanisms. 

2. Methods 

In this section, the numerical method is introduced including gov
erning equations, lattice Boltzmann method for suspension-oil 
displacement and particulate flow, and multiple relaxation time 
scheme for non-Newtonian fluid. Modification on the traditional two- 
fluid model and combination with color-gradient method serve for the 
accurate and efficient simulation of particulate multiphase flow systems. 

2.1. Governing equations 

To streamline our description, we take the water-oil-particle system 
as an example in the following text. As Fig. 1 shows, the macroscopic 
physical process consists of two immiscible fluids, i.e., the suspension 
phase (water + particles), and the oil phase. 

The governing equations for the displacing phase (suspension) and 
the displaced phase (oil) can be represented by a set of mass and mo
mentum equations as 

∂ρ
∂t +∇⋅(ρu) = 0, (1)  

∂(ρu)
∂t +∇⋅(ρuu) = − ∇p+∇⋅τ + Fs + Fext, (2)  

τ = μ
(
∇u+(∇u)T)

, (3)  

where the ρ, u, p, τ denote the density, the velocity vector, the pressure 
and the shear stress tensor, respectively. Fs and Fext indicate the body 
force accounting for surface tension and the other external forces, and μ 
is the dynamic viscosity. 

The displacing phase is the suspension consisting of water and 
microgel particles. The volume fraction of microgel particles is generally 
lower than 10%, but the number of microgel particles is huge and thus 
the overall behavior of particles is model by a fluid model. Therefore, the 
suspension can be modeled by a two-fluid model. In the classical two- 
fluid models, both the fluid phase and the particle phase are described 
by their own N-S equations respectively, while the particle-particle 
interaction is described by the viscosity term of the particle phase. A 
few models have been proposed to determine the viscosity of the particle 

Fig. 1. Illustration of the three-phase system. For convenience, we take water-oil-particle system as an example hereafter. The blue part represents the suspension 
phase, the red part represents the oil phase, and the black dots represent suspended particles. 
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phase [7,30,49–51]. However, it is difficult to characterize the viscosity 
of the discrete phase (microgel particles) as a fluid quantitatively. 
Therefore, we focus on the suspension phase whose viscosity can be 
obtained directly from experiments, instead of the microgel particle 
phase. Meanwhile, the volume fraction and the velocity of particles can 
be calculated based on the local mass and momentum conservation. 
Since the suspension phase has been involved in the suspension-oil 
displacement process i.e., described by Eqs. (1) and (2), only the N-S 
equations for the fluid phase are required, which are expressed as 

∂
(
αfρ
)

∂t +∇⋅
(
αfρuf

)
= 0. (4)  

∂
(
αfρuf

)

∂t +∇⋅
(
αfρufuf

)
= − αf∇p+∇⋅

(
αfτf

)
− βd

(
uf − up

)
+ Ff . (5)  

where the subscript f and p indicate the fluid and particle phase, and α, ρ, 
u denote the volume fraction, intrinsic density and velocity vector, 
respectively. p, τ and F are the hydrodynamic pressure, shear tensor and 
external forces. The volume fraction and velocity of particle phase can 
be calculated indirectly by local mass and momentum conservation as 

αp + αf = 1 (6)  

ρu = ραfuf + ραpup (7) 

The third term on the right side of Eq. (5) is the drag force repre
senting the internal interaction between fluid and particles, induced by 
the velocity difference of two phases, where βd is the drag coefficient 
described by the Wen-Yu model as [52] 
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

βd =
3
4
Cd
ρfαfαp

⃒
⃒uf − up

⃒
⃒

D
α− 2.65

f

Cd =

{
24
/

Re
(
1 + 0.15Re0.687) Re < 1000

0.44 Re ≥ 1000
,

Re =
ρfαfD

⃒
⃒uf − up

⃒
⃒

μf

(8)  

where D is the particle diameter. 
Compared with the classical two-fluid models describing the trans

port of the fluid phase and the particle phase, the two-fluid model in the 
present work focuses on the mixture phase and the fluid phase. This 
provides several advantages including direct application of the apparent 
suspension viscosity measured from experiments without artificial 
models, easy coupling with the color-gradient LBM model, and better 
numerical stability by avoiding significant viscosity differences. 

2.2. Lattice Boltzmann method for suspension-oil displacement 

For the suspension-oil displacement process, the color-gradient LBM 
is applied to capture the fluid-fluid interface, where the discrete particle 
distribution functions (PDF) fr,i and fb,i are employed to represent two 
immiscible fluids and fi = fr,i + fb,i is the total particle distribution 
function [53]. The color-gradient LBM evolution equation with the 
Bhatnagar–Gross–Krook (BGK) collision operator can be written as 

fk,i(x+ eiΔt, t+Δt) = Ωk
3
(

fk,i(x, t) −
Δt
τk
[
fk,i(x, t) − fk,ieq(x, t)

]
+Δt⋅Fk,i

)

,

(9)  

where the subscript k (or b) and r indicate the displacing and displaced 
phase, respectively. Ω3 is the recolor operator to redistribute PDFs which 
achieves fluid separation. The relationship between macroscopic vari
ables and PDF with a force scheme can be expressed as [54,55] 

ρb =
∑

i
fb,i, ρr =

∑

i
fr,i, (10)  

ρbub =
∑

i
fb,iei +

Δt
2

Fb, ρrur =
∑

i
fr,iei+

Δt
2

Fr, (11)  

ρ = ρb + ρr, ρu = ρbub + ρrur, (12)  

where ei indicates the discrete velocity along the ith direction [56,57]. 
As a key factor in two-phase flows, the surface tension is achieved by 

the continuum-surface-force (CSF) model in the present work [58], 
which is expressed as 

Fs =
1
2
σκ∇ρN , (13)  

where σ is the surface tension, κ and ρN are the interface curvature and 
the color function, respectively, which are defined as 

κ = − [(I − n ⊗ n)⋅∇]⋅n, (14)  

ρN =
ρr − ρb

ρr + ρb
, (15)  

where n = − ∇ρN/|∇ρN| is the normal vector of interface, which needs to 
be corrected based on the contact angle at solid boundaries [46,59]. 

After collision steps, the recolor operator Ω3 needs to be introduced 
to reallocate the particle distribution function and to achieve the sepa
ration of two phase, as follows [60] 

fr,i∗∗ =
ρr

ρr + ρb
fi∗ + β

ρrρb

ρr + ρb
ωi

∇ρN
|∇ρN |ei, (16)  

fb,i∗∗ =
ρb

ρr + ρb
fi∗ − β

ρrρb

ρr + ρb
ωi

∇ρN
|∇ρN |ei, (17) 

fi* and fi** are the post-collision and the post-recolor PDF respec
tively, and β is a free parameter controlling the interface thickness. 

2.3. Lattice Boltzmann method for particulate flow 

In the proposed model, the particle distribution and movement are 
determined by subtracting the water phase from the suspension phase 
based on the local mass and momentum conservation. The displacement 
process involving the suspension phase has been solved by the color- 
gradient LBM, whereas the water phase needs to be solved addition
ally. The LBM scheme for water phase is similar to the color-gradient 
model presented above (Eq. (9)) but without the recolor step, which 
can be expressed as 

gi(x+ ciΔt, t+Δt) = gi(x, t) −
Δt
τf

[gi(x, t) − gieq(x, t)] + Δt⋅F̂ f ,i, (18)  

where subscript f indicates the fluid phase and F̂f ,i is the source term 
from the body force with the superscript indicating discrete velocity 
space. Guo’s forcing scheme is adopted in this work [54], which can be 
written as 

F̂ f ,i =
(

1 −
Δt
2τf

)

wi
(

3(ei − u)
c2 +

9(ei⋅u)ei
c4

)

⋅Ff , (19)  

where c is the lattice velocity. It should be noted that the body force in 
two-fluid model includes two key terms 

Ff = p∇
(
αf
)
− βd

(
uf − up

)
, (20)  

where the first term is the correction for pressure gradient in the two- 
fluid model considering volume average [50], and the second term is 
the drag force characterizing the two-phase interaction induced by ve
locity differences. The macroscopic variables for the fluid phase in 
suspension are averaged based on volume fraction, and can be computed 
by 
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ραf =
∑

i
gi, (21)  

ραfuf =
∑

i
giei+

1
2
FfΔt. (22) 

The volume fraction and velocity of water phase can be obtained 
from Eqs. (21) and (22), while that of the particle phase can be calcu
lated by Eqs. (6) and (7). 

To compute the gradient terms in the color-gradient LBM and the 
two-fluid LBM, we employ the isotropic gradient scheme [61] with 
approximation to the second order as follows 

∂ϕ
∂x

⃒
⃒
⃒
⃒
(x,y)

=
3

Δx
∑

i

[
ωiϕ
(
x+ ei,xΔt, y+ ei,yΔt

)]
ei,x, (23)  

∂ϕ
∂y

⃒
⃒
⃒
⃒
(x,y)

=
3

Δy
∑

i

[
ωiϕ
(
x+ ei,xΔt, y+ ei,yΔt

)]
ei,y. (24) 

At the interface between suspension and oil, water phase and particle 
phase is impenetrable, which is realized by another recolor operator as 
[60,62] 

gf,i = gf,i + β
ρfρb

ρr + ρb
ωi

∇ρN
|∇ρN |ci. (25)  

2.4. Multiple relaxation time LBM for non-Newtonian fluid 

Microgel particle suspension has been found to be a non-Newtonian 
fluid with wide viscosity range, which brings a huge challenge to sim
ulations since the relaxation time range of the single-relaxation-time 
(SRT) LBM with BGK collision operator is very limited. To solve this 
problem, LBM with multiple relaxation times (MRT) has been con
structed by considering the relaxation of various raw moments to their 
equilibria [63,64], which is adopted in this work for better accuracy and 
stability. It is worth mentioning that cascaded central moment LBM has 
been proposed and extended for multiphase flow in recent years [65,66], 
which yields superior stability properties compared with standard SRT 
and MRT approaches. 

The evolution equation of MRT-LBM in matrix form is expressed as 
[57] 

f(x + eiΔt, t + Δt) − f(x, t) = − M− 1S[m(x, t) − meq(x, t)]

+M− 1
(

I −
S
2

)

G,
(26)  

where f indicates the matrix form of PDF. M denotes the transformation 
matrix, which is used to transform PDFs and discrete forces into moment 
space. S is a diagonal matrix that contains relaxation time for each 
moment. m, meq and G are the mapped moments in moment space of 
PDF, equilibrium PDF and discrete force, defined as m = Mf, meq = Mfeq, 
and G = MF̂. Details of their mathematical expressions can be found in 
Appendix A. 

Microgel particle suspension is a shear thinning fluid whose viscosity 
is related to the shear rate γ̇, which can be expressed as 

γ̇ = (2|SabSab|)1/2
, (27)  

Sab =
3

2ρτc2

∑

i
f (1)i eiaeib, (28)  

where the Sab denotes the shear rate, the subscript a, b indicate the 
spatial coordinate, f (1)i is first order component of Chapman-Enskog 
expansion and approximated by the non-equilibrium PDF as [67,68] 

f (1)i ≈ f neq
i = fi − f eq

i , (29)  

2.5. Boundary conditions 

The boundary conditions include solid boundaries and open 
boundaries. For the solid boundaries, the full-way bounce-back scheme 
is applied to achieve non-slip condition. For the open boundaries of fluid 
phase, the non-equilibrium bounce-back method proposed by Zou and 
He [69] is applied to achieve constant velocity or pressure conditions. 
For the open boundaries of particle phase, volume fraction of the fluid 
phase is fixed at the inlet to achieve constant particle concentration and 
zero-gradient Neumann boundary is applied at the outlet to achieve free 
outflow condition [70]. 

3. Numerical validations 

In this section, the multiphase flow simulation method established in 
the previous section is to be validated by various cases, including the 
theoretical validations for the particle flow and suspension-oil 
displacement simulation, as well as comparison with experimental re
sults. All simulations are solved on a D2Q9 lattice set. 

3.1. Theoretical verifications  

(1) Particle suspension flow in a microchannel 

We firstly verify the LBM implementation of the classical two-fluid 
model (TFM) by simulating a Poiseuille flow of particle suspension. As 
illustrated in Fig. 2, the suspension flows in a straight channel driven by 
a pressure difference. 

At the steady state, the TFM equations for fluid and particle phase in 
a straight channel are simplified into: 

− αf
∂p
∂x + αfμf

∂2uf

∂y2 − βd
(
uf − up

)
= 0, (30)  

− αp
∂p
∂x + αpμp

∂2up

∂y2 + βd
(
uf − up

)
= 0. (31)  

with a boundary condition as uf = up = 0 at y = − w or w. The analytical 
solution of velocity profiles of fluid and particle phases can be expressed 
as follow 
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ui =
− ∂p/∂x
μ

[
(w+ y)(w − y)

2
−

(

1 −
μ
μi

)

S(y)
]

S(y) =
1
κ2

(

1 −
sinhκ(w+ y) + sinhκ(w − y)

sinh2κw

)

κ =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

βd

(
1
αfμf

+
1

αpμp

)√
√
√
√

μ = αfμf + αpμp

, (32)  

where i = f, p indicates the fluid phase and the particles phase, ∂p/∂x 
denotes the pressure gradient along flow direction, μi and βd are the 
viscosity of two phase and the drag coefficient, respectively. We conduct 
simulations under different viscosity ratios and drag coefficients for a 
comprehensive benchmark. The velocity profiles in Fig. 3 show that the 

Fig. 2. Physical model of a 2D Poiseuille flow of particle suspension. The 
steady-state flow is driven by the pressure difference in an infinite long channel. 
The particles follow the fluid driven by the drag force. 
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simulation results agree well with the analytical solutions of Eq. (32), 
which indicates the correctness and accuracy of the present LBM 
framework for suspension flows. 

We further verify the mixture-rheology two-fluid algorithm pre
sented in this work, in which the velocity of particle phase is determined 
by the local mass and momentum conservation. The benchmark case 
based on the 2D model shown in Fig. 2 is conducted as follows: (1) the 
velocity profiles of fluid and particle phase is solved by classical TFM, 
and then the suspension velocity can be obtained by the local conser
vation, (2) the apparent viscosity of suspension can be determined based 
on the relationship between the flow rate and the pressure gradient, and 
then applied to the present TFM under the same conditions, (3) the 

velocity of particle phase can be obtained by local momentum conser
vation from present TFM and compared with that of classical TFM ob
tained in the first step. The results under different viscosity ratios and 
particle sizes are shown in Fig. 4, which demonstrate the modified TFM 
can capture the particle velocity well with parameters in a wide range. 

Besides, the microgel particle suspension is a shear-thinning non- 
Newtonian fluid, which means the relationship between the dynamic 
viscosity and the shear rate may be expressed by a power law function as 

μ = K⋅γ̇n− 1 (33)  

where μ, γ̇,K, n indicate the viscosity, the shear rate, the flow consistency 
index and the flow behavior index, respectively. Here, we present a 

Fig. 3. Comparison of the velocity profiles for two phases in 2D particle suspension Poiseuille flow under different conditions, in which λ = μp: μf. The left are the 
results of fluid velocity profiles and the right are the results of particle velocity profile: (a) αp=1.0vol%, β = 1 × 10− 4; (b) αp= 5.0vol%, β = 1 × 10− 4; (c) αp= 5.0vol 
%, β = 5 × 10− 4. The open markers are from simulation and the solid lines are analytical solutions. The constant pressure boundary is applied at both the inlet and 
outlet with Δp = 1/3 × 10− 3 in lattice unit and a grid resolution of 200 × 50. 
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verification for a laminar power law fluid flow in a 2D channel as Fig. 2 
shows, whose theoretical velocity profile under a constant pressure 
gradient can be calculated by 

u =
n

n+ 1

[
1
K

(
− ∂p
∂x

)]1
n

w
n+1
n

[

1 −
(y
w

)n+1
n
]

(34) 

Fig. 5 shows the results of normalized velocity profile with different 
values of flow behavior index, where n > 1 indicates a shear-thickening 

fluid, and n < 1 indicates a shear-thinning fluid, and n = 1 indicates a 
Newtonian fluid. The velocity profile results from MRT LBM simulations 
have a good agreement with the analytical results, which indicates that 
the present numerical simulation is able to capture the non-Newtonian 
rheology.  

(1) Suspension-oil two-phase interactions 

To test the accuracy of the immiscible two-phase simulation based on 
color-gradient LBM, we conduct several simulations to verify the inter
face separation, surface tension, contact angle and stratified flow of two 
phase. Firstly, the density distributions of three phases around interface 
is shown in Fig. 6, which shows the present model successfully achieves 
the separation of suspension and oil phase as well as the impenetrable 
condition for water and particle phase at the interface. 

Surface tension is an important parameter in two-phase flow and 
brings the pressure difference between inside and outside the droplet, 
which is described by the Young-Laplace equation as 

Δp =
σ
R
, (35)  

where σ is the dimensionless surface tension, R is the dimensionless 
radius of droplet. Fig. 7(a) compares the pressure difference simulated 
by the color-gradient LBM with the theoretical results, which demon
strates the accurate characterization of surface tension. 

Contact angle is another key parameter in immiscible multiphase 
flow simulation reflecting the interaction of water phase, oil phase and 
solid phase. In the benchmark case, an oil droplet is placed on a solid 
wall with different contact angles. The contact angle results from sim
ulations can be quantified by wetting length of oil phase on solid wallas 
in Fig. 7(b), which yields good agreements with the theoretical values. 

To test the dynamic capability of the multiphase model under 
different viscosity ratios, we conduct a three-layer flow simulation, as 
shown in Fig. 8, where the velocity profiles obtained from simulations 

Fig. 4. Comparison of particle phase velocity profiles from classical TFM model (solid line) and present model (hollow symbol) with varying viscosity ratio λ = μp: μf, 
particle size D and particle volume fraction αp: (a) D = 2 μm, αp=1.0 vol%, (b) D = 4 μm, αp=1.0 vol%, (c) D = 2 μm, αp=5.0 vol%, (d) D = 4 μm,αp= 5.0 vol%. The 
boundary condition and grid resolution are the same as in Fig. 3. 

Fig. 5. Velocity profiles of power law fluid flowing in 2D channel with different 
values of flow behavior index. n = 1 represents Newtonian fluid, whereas n > 1 
and n < 1 indicate shear-thickening and shear-thinning behaviors, respectively. 
The constant pressure boundary is applied at both the inlet and outlet with Δp 
= 1/3 × 10− 3 in lattice unit and a grid resolution of 200 × 30. 
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match well with the theoretical results. 

3.2. Experimental validations 

In order to further validate the proposed method for realistic mate
rials and properties, we establish an experimental platform including a 
microfluidic experimental module for visualization of complex flow 
processes and a physical property characterization module for charac
terization of suspension and interfacial properties. Microfluidic experi
ments are designed and performed to validate the capability of present 

simulation method to capture the inertial effect and distribution pattern 
of microgel particles. 

It is worth mentioning that the grid resolution should be chosen 
carefully for such complex fluid flow modelling under realistic condi
tions. The particle size in lattice unit, i.e., the ratio of characteristic 
particle size to grid size, should be slightly smaller than one to ensure 
numerical stability and model validity. If the grid resolution is too low 
with a small particle size in lattice unit, the drag force term (Eq. (8)) will 
be very large, leading to numerical instability. Moreover, liquid-liquid 
interfacial evolution can be inaccurate with a low grid resolution. If 

Fig. 6. Phase separation test and phase density distribution around the fluid-fluid interface. (a) Schematic of the test setup. The blue part represents the suspension 
phase and the red part represents the oil phase. (b) Phase density distribution around the fluid interface. The sharp change corresponds to the immiscible interface, 
where fluid phase separation with impenetrable condition for particle phase (yellow line) is achieved. The constant pressure boundary is applied at both the inlet and 
outlet with Δp = 0 in lattice unit and a grid resolution of 200 × 50. 

Fig. 7. Verifications of static interfaces and surface tension: (a) Young-Laplace verification, and (b) contact angle verification. The insets show typical simulation 
results with immiscible fluid phases. For the Young-Laplace verification, periodic conditions are applied at all open boundaries. For the contact angle verification, 
periodic conditions are applied at the left and right sides. The droplets stay static at the upper and lower solid walls. The grid resolutions are 200 × 200. 
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Fig. 8. Physical model of three-layer flow and velocity profiles for varying viscosity ratio λ = μr: μb:(a)λ = 10;(b)λ = 0.1;(c)λ = 100;(d)λ = 0.01;(e)λ = 1000;(f)λ =
0.001. The LBM results (open red circles) agree well with the analytical solutions (solid lines) under extreme viscosity ratio conditions. The body force boundary with 
periodic condition is applied with F = 10− 7 in lattice unit and a grid resolution of 200 × 100. 
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the grid resolution is too high with a large particle size in lattice unit, the 
basic assumption of the two-fluid model will be invalid since one grid 
may cover less than one particle. In our simulations, the grid size is set to 
be twice the characteristic particle size so that the grid number at 
channels with minimum width is ten.  

(1) Experimental platform and rheology characterization 

As depicted in Fig. 9, the microfluidic experimental platform consists 
of a microchip, a fluorescence microscope (SMZ18, Nikon) with a high- 

speed camera (DS-Ri2, Nikon), syringe pumps (Harvard Pump 11 Elite), 
syringes (Hamilton), and an image processing server. Fig. 10 illustrates 
the two types of physical models employed in this study, i.e., 1D capil
lary tube and 2D chip model. 

Microgel particles have been found to significantly change rheology 
property of the aqueous phase, leading to strong interactions between 
particle behaviors and flow consequences [27,71]. Therefore, quantifi
cation of viscosity variations under different conditions is necessary for 
accurate simulation of particulate multiphase flow. We characterized 
the rheology of microgel particle suspensions by a rotational rheometer 
(Hakke Mars III, Thermo Fisher Scientific) equipped with a cone− plate 
geometry (C60/1◦ TiL) at various concentrations and shear rates. As 
shown in Fig. 11, microgel particle suspensions yield typical 
shear-thinning behavior with concentration-dependent rheology. We fit 
the rheology data as follows for simulation input, where the impacts of 
shear rate and concentration are characterized by a power law and a 
quadratic polynomial respectively 

μ =

{ (
142αp

2 − 0.02αp + 0.001
)
⋅γ̇− 0.786γ̇ ≤ 10s− 1

0.163⋅
(
142αp

2 − 0.02αp + 0.001
)
γ̇ > 10s− 1 . (36)    

(1) Particle lagging effect in a straight channel 

A microfluidic experiment is designed and conducted to validate the 
effectiveness of the proposed simulation method in capturing inertial 
effect of gel particles. As shown in Fig. 12(a), a suspension slug is formed 
in the straight channel through injecting oil phase and suspension phase 
alternately. Owning to the inertial effect, the motion of microgel parti
cles lags behind the water phase, which leads to a contrary particle 
distribution near the front interface and rear interface. Microgel parti
cles accumulate at the rear interface while they are sparse near the front 
interface. The proposed simulation method is adopted to reproduce this 
process under the same condition and qualitatively consistent results 
with experimental observations can be obtained, as shown in Fig. 12(b). 
Furthermore, the quantitative distribution of particles along flow di
rection is obtained through image processing based on the gray distri
bution of experimental images. As shown in Fig. 12(c), the results from 
simulation and experiment are in good agreement with acceptable 

Fig. 9. Microfluidic experimental platform: (a) physical image; (b) schematic. The system mainly consists of three parts: Power source (syringe pumps), imaging 
(microscope, high-speed camera and microchip) and data acquisition (image processing server). 

Fig. 10. Experimental models: (a) 1D capillary tube with uniform channel size (diameter 240 μm); (b) 2D chip model dual-permeability [27]. The porosity of both 
layers is 45% with a minimum throat size of 60 μm. The channel sizes are much larger than the characteristic particle size and plugging effects can be ignored. 

Fig. 11. Rheology property of microgel particle suspensions at different con
centrations. The scatter points are experimental results and the solid lines are 
fitting curves applying Eq. (36). When the shear rate is higher than 10 s− 1, 
viscosity change becomes minor and a constant viscosity is applied in simula
tions (taken at γ̇ = 10 s− 1). The measured mean particle diameter is 3.3 μm 
with a distribution ranging from 1 to 10 μm. The characteristic particle size is 
set to be 3 μm in simulations. 
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Fig. 12. Particle distribution in the suspension slug displaced by oil phase, from (a) experiment and (b) numerical simulation. The brightness in the slug in (a) 
represents local particle concentration, indicating a non-uniform distribution owing to particle inertial. The simulated particle distribution under 2D condition is 
consistent with experimental observations. (c) Concentration profile along flow direction in suspension slug. The center of the channel between the white vertical 
lines in (a) corresponds to position range in (c). The injected particle concentration is 3.0 vol%. The constant velocity condition with uin = 10− 3 and constant pressure 
boundary with pout = 1/3 in lattice unit are applied at the inlet and outlet, respectively. The grid resolution is 1000 × 40. 

Fig. 13. Particle distribution in the dual-permeability model from (a) experiment and (b) numerical simulation. The red circles denote typical particle accumulation 
zones, including the edge of the high permeability zone, the inlet of the low permeability zone and the interface between two zones. The constant velocity condition 
with uin = 10− 3 and constant pressure boundary with pout = 1/3 in lattice unit are applied at the inlet and outlet, respectively. The grid resolution is 1620 × 960. 

Fig. 14. Particle distribution at the top edge of the high permeability zone: (a) experimental image; (b) simulation cloud image; (c) quantitative comparison of 
particle volume fraction along flow direction. The green dots in (a) are retained fluorescent particles whereas streamlines reflect particles moving in a higher speed. 
The red squares in (a) and (b) denote typical particle accumulation zones, whereas the center of the pore space between the white vertical lines in (a) corresponds to 
position range in (c). 
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deviation, which indicates that the proposed simulation method is able 
to capture the lagging effect of microgel particles.  

(1) Particle distribution in microfluidic porous structures 

The lagging effect of particles may lead to the formation of non- 
uniform distribution in porous structures. To investigate this phenom
enon, we conduct a microgel particle suspension flow experiment in 
dual-permeability model as shown in Fig. 10(b). The experimental 
procedure involves two steps: (1) using deionized water to displace air in 
microchip channels, (2) injecting microgel particle suspension with the 
particle concentration of 3.0 vol%. Fig. 13(a) is the fluorescence image 
of microgel particle distribution, which shows that microgel particles 
tend to accumulate at specific positions in the dual-permeability model, 
including the edge of the high permeability zone, the inlet of the low 
permeability zone and the interface between two zones. The drastic 
change of flow velocity at these positions results in the particle lagging 
and accumulation. Subsequently, a flow simulation under the same 
condition is conducted based on the proposed method, and the result is 
shown in Fig. 13(b). It can be found that our numerical simulations 
capture the non-uniform distribution of particles and predicts the posi
tions of accumulation correctly. 

Fig. 14(a) and (b) show the local particle distribution at the top edge 
of high permeability zone. It is observed that significant accumulation of 
particles occurs at the inlet of each throat, while only a few particles are 
at the outlet of each throat, forming a distinct wavy distribution along 
the flow direction. To quantitatively assess the accuracy of present 
simulation method, the volume fraction of particles at this zone is ob
tained from experiments based on the fluorescence intensity. These 
extracted values are represented by black dots in Fig. 14(c), while the 
results from simulation are represented by red line. The close agreement 
between the simulation and experimental data indicates that the present 
simulation method can quantitatively capture the characteristics of 
particle distribution. 

4. Conclusions 

In the present work, a numerical framework based on TFM-LBM is 
established to simulate the coupling transport process involving both 
interface evolution and microgel particle migration. Two-fluid model is 
successfully applied to capture the motion of amounts of particles with 
high efficiency by simplifying particle phase into pseudo-fluid and 
introducing the drag force to describe interactions between particles and 
the fluid phase. The mixture phase rather than the particle phase is 
considered in our model, which brings in several advantages including 
direct application of measurable apparent viscosity and easy coupling 

with fluid displacement simulation. The color-gradient model is applied 
to capture the interface between suspension and oil. A stable and effi
cient simulation platform based on MRT-LBM and GPU computing is 
established. 

A series of theoretical validations confirmed that the present method 
can accurately simulate particulate multiphase flow systems, including 
suspension flow in a microchannel, phase separation under static con
ditions, Young-Laplace and contact angle verifications, and three-layer 
flow under different viscosity ratios. Comparison with microfluidic ex
periments shows excellent prediction of particle lagging and non- 
uniform distribution in micro-channels and porous structures. 

Further efforts are needed for wider applications of our model, such 
as capturing more complex particle behaviors, utilizing more advanced 
collision models and considering more realistic environmental condi
tions. In summary, our model provides an effective tool for studying 
mechanisms of microgel particles transport with significant impacts on 
multiphase flow in porous media. 
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Appendix A. Details of the MRT formulation 

The transformation matrix in present work is based on Gram-Schmidt approach for D2Q9 model as follows [63] 

M =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 1 1 1 1 1 1 1 1
− 4 − 1 − 1 − 1 − 1 2 2 2 2
4 − 2 − 2 − 2 − 2 1 1 1 1
0 1 0 − 1 0 1 − 1 − 1 1
0 − 2 0 2 0 1 − 1 − 1 1
0 0 1 0 − 1 1 1 − 1 − 1
0 0 − 2 0 2 1 1 − 1 − 1
0 1 − 1 1 − 1 0 0 0 0
0 0 0 0 0 1 − 1 1 − 1

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (37) 

The matrix in moment space for equilibrium PDF and discrete force are 
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meq =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

ρ

− 2ρ+ 3
(
u2
x + u2

y

)

ρ − 3
(
u2
x + u2

y

)

ρux
− ρux
ρuy
− ρuy

ρ
(
u2
x − u2

y

)

ρuxuy

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, G =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0
6
(
uxFx + uyFy

)

− 6
(
uxFx + uyFy

)

Fx
− Fx
Fy
− Fy

2
(
uxFx − uyFy

)

uxFy + uyFx

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (38) 

The relaxation matrix S for D2Q9 model is 

S = diag[S0, S1, S2, S3, S4, S5, S6, S7, S8], (39)  

S0 = S3 = S5 = 1 is required to be consistent with the macroscopic equations [72]. S7,S8 are identical and corresponding to the kinematic viscosity, 
which are 

S7 = S8 =
1
τ =

2
6ν+ 1

, (40) 

The other elements, S1,S2,S4 = S6, can be adjusted individually to enhance the stability and accuracy of MRT LBM algorithm [72,73]. 

Appendix B. Simulation framework and GPU parallel implementation 

The program flowchart is shown in Fig. B.1, which simulate the coupled process of suspension-oil displacement and particle transport simulta
neously with information exchanges. The particle distribution and motion required for solving particle flow are determined by the density and velocity 
of suspension phase, while the local viscosity under different shear rates required for solving bulk flow is determined by the volume fraction of 
particles.

Fig. B.1. Numerical procedure of TFM-LBM with GPU computing.  

The coupling simulation of three-phase system prompts large computational challenge. Therefore, GPU computing based on CUDA platform is 
introduced to improve the efficiency. The initialization, input and output of data are performed on CPU host while the key evolution steps, such as 
collision, recolor, and streaming, are computed on the GPU device. Fig. B.2 compares the computational efficiency based on CPU parallel computing 
and GPU computing, which shows that the GPU computing can improve computational efficiency significantly. 
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Fig. B.2. Performance comparison between GPU and CPU parallel computing.  
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